A model of the sintering exhibited by EB-PVD TBCs, based on the principles of free energy minimization, was recently published by Hutchinson et al [1] . In the current paper, this approach is applied to the sintering of plasma-sprayed TBCs and comparisons are made with experimental results. Predictions of through-thickness shrinkage and changing pore surface area are compared with experimental data obtained by dilatometry and BET analysis respectively. The sensitivity of the predictions to initial pore architecture and material properties are assessed. The model can be used to predict the evolution of the contact area between overlying splats. This is in turn related to the through-thickness thermal conductivity, using a previously-developed analytical model [2] .
Introduction
Thermal barrier coatings (TBCs) usually comprise a metallic bond coat (e.g., MCrAlY), which protects the base metal against oxidation and corrosion and improves the adhesion of the top coat. The top coat is commonly based on zirconia stabilized by 8wt% yttria (ZrO 2 -8wt%Y 2 O 3 ) and is produced by air plasma spray (APS) or electron beam physical vapour deposition (EB-PVD). Coating thickness is usually in the range of 100-500 µm, creating a temperature drop of ~50-200ºC. TBCs are used in aero-engine and power generation gas turbine components subjected to high temperature, such as blades and nozzle guide vanes. Currently-sought increases in turbine entry temperature are dependent on improvements in the efficiency and reliability of TBCs.
APS coatings contain interlamellar pores, globular voids and intrasplat microcracks. These are partly responsible for the low thermal conductivity (k~1 W m -1 K -1 ) and low global modulus (E~25 GPa) of these coatings, the latter being beneficial in reducing the stresses arising from differential thermal contraction. Under service conditions, however, TBCs are exposed to high temperatures for extended periods, leading to sintering effects. Healing of microcracks, improved intersplat bonding and grain growth can raise both the thermal conductivity and modulus, degrading both the insulation offered and the thermo-mechanical stability of the TBC. In this paper, a model is presented for the sintering of plasmasprayed (PS) TBCs.
General Framework
The microstructure of PS TBCs is represented as cylindrical disks (splats) of radius r s0 and height 2 y s0 , with a cylindrical bridge contact of radius r b0 and open pore dimension 2 y b0 (see Fig. 1 ). Due to symmetry, the volume of the modeled unit cell corresponds to half-height of the splat, y s0 , and half-height of the pore, y b0 . The splats are composed of columnar grains, modelled as hexagonal prisms of side r g0 . A horizontal grain boundary (inter-splat contact area) is located at the mid-height of the bridge. The geometry is based on cylindrical coordinates (r g , z g ). The through-thickness direction is along z g , with the origin located at the interface with the substrate. The temperature distribution is taken to be isothermal at any given value of z g , but can vary in the through-thickness direction. However, in the current work, the temperature is assumed uniform within the modelled domain. Modelled domains are assumed to tesselate in a hexagonal in-plane array and to stack on top of each other in the through-thickness direction. The space between the close-packed array of cylinders (comprising about 8% of the total volume), which is outside the modelled domain, is taken to represent porosity inaccessible to the influence of sintering phenomena. In practice, some relatively large scale, equiaxed porosity is commonly present, at approximately this level. As sintering proceeds (Fig. 2) , surface diffusion contributes to spherodization of pores, resulting in an increase of the open pore dimension, y b , and a decrease of the splat height, y s . Grain boundary diffusion, on the other hand, causes the coating to shrink in the through-thickness and in-plane directions, reducing the height from the centre of the bridge to the centre of the splat, h, and the splat radius, r s . Grain growth is not incorporated in the modelling presented here and the number of grains within each splat, N s , is assumed to remain constant. 
The volume of material corresponding to a unit cell is:
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The Variational Principle The variational principle is a well established theoretical tool that has been applied to various physical problems, including diffusional void growth and crack propagation [3] [4], grain growth [5] , creep deformation [4] [6], morphological evolution of electronic thin films [7] and solid-state sintering [1] [4] [8] . At a given temperature, if the atoms have enough mobility, they diffuse along free surfaces, grain boundaries and through the lattice, so as to reduce the total free energy. Energy is dissipated during mass transport, because atoms must overcome internal friction forces. A balance is established between the rates of free energy reduction and energy dissipation. A function is derived, which includes the free energy and the dissipation energy term, and the system progresses in the way to keep the function at minimum.
Formulation of the solid-state sintering problem, using the variational principle, is described elsewhere [9] [10]. The current model represents a free-standing coating, with fully interconnected porosity. Thus, there are no contributions to the free energy from either the stored elastic strain energy or the pressure acting on free surfaces. The free energy per unit volume 
The factor of ½ arises because the energy of the horizontal gb, at the contact bridge, is divided between the top and bottom parts. Assumed paths of material diffusion are along gb's and free surfaces. Lattice diffusion and grain growth are not treated in the version of the model presented here. The rate of energy dissipation per unit volume 
where Ω is the atomic volume;
⎦ is the volumetric flux per unit depth, δ is the layer thickness through which diffusion takes place and
⎦ is the atomic mobility. The subscripts gb and s refer to grain boundary and free surface, respectively. The atomic mobility is given by:
where D 0 is the diffusivity, Q is the activation energy, B k is the Boltzman constant, R is the gas constant and T is the absolute temperature.
Matter conservation is satisfied by relating the flux along an interface to the normal velocity of that interface:
where the constant equals to zero if there are no additional sources or sinks for material from the bulk. 
with the boundary conditions:
The dissipation rate per unit volume is given by: The variational principle [9] [10] states that, of all possible diffusive fluxes, the actual gb migration velocities and strain rates will be those minimizing the functional
.
G is an explicit linear function of the rate of change of the geometrical variables and Ψ is an explicit quadratic function. Evolution of the microstructure is dictated by the rates of change of the architecture that minimize the functional:
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By time integration, using the 4 th order Runge-Kutta method, the time evolution of the geometrical variables is obtained. Table 1 summarizes the input data used. The parameters describing the geometry have been obtained experimentally, using mercury intrusion porosimetry and measurements on scanning electron microscope (SEM) micrographs. The surface diffusivity and activation energy are those reported for tetragonal ZrO 2 -3mol%Y 2 O 3 [11] , while grain boundary diffusivities are for tetragonal 14CeO 2 -86(Zr 1-x Hf x )O 2 , with x=0.02 and 0.10 [12] . Ω is the volume of the unit cell, calculated from lattice parameters obtained by X-ray diffraction (XRD). δ s is taken as Ω 1/3 and δ gb as 2Ω 1/3 . The model captures a number of experimentally-observed sintering trends. Sintering causes pores to spherodize, the open pore dimension y b to increase, the contact area r b to increase and the total pore surface area to decrease (Fig. 4 ). Sensitivity to Initial Pore Geometry Figure 5 compares experimental through-thickness shrinkage data, for low impurity ZrO 2 -8wt%Y 2 O 3 at 1400ºC, with model predictions. The observed fall-off in shrinkage rate with increasing time is correctly predicted. The behaviour is sensitive to initial pore geometry. Predictions are shown for two pores of the same initial volume, but different pore surface area. Larger initial pore surface area leads to greater through-thickness shrinkage. Figure 6 compares experimental surface area changes, measured using the Brunauer-Emmett-Teller (BET) adsorption isotherm [14] , with predicted surface area changes, for low impurity ZrO 2 -8wt%Y 2 O 3 at 1400ºC. The surface area reduction is also sensitive to initial pore geometry. Predictions are given for two pores of the same initial surface area. The 
Model Predictions

Sensitivity to Material Properties
Sintering is sensitive to surface and gb diffusivities. Surface diffusion has the effect of reducing the surface area, without causing densification. Grain-boundary diffusion reduces both pore surface area and specimen volume. Through-thickness shrinkage (Fig. 7) and surface area reduction (Fig. 8) predictions are shown, for a given pore geometry, for surface and gb diffusivites being doubled. An increase in gb diffusivity generates a proportional increase in throughthickness shrinkage, whereas the pore surface area reduction remains almost unchanged. An increase in surface diffusivity, on the other hand, accelerates surface area reduction. Pore spherodization dominates, consuming the driving force for gb diffusion and hence reducing the shrinkage. The geometrical representation used in the present work has been employed previously to predict the through-thickness thermal conductivity [2] . Figure 9 shows that the contact bridge to splat area ratio increases more rapidly with increasing surface diffusivity. Faster surface diffusion can thus accelerate the increase in thermal conductivity, while the rate of through-thickness shrinkage would be reduced. This indicates that the sintering behaviour cannot be fully described by shrinkage measurements and complementary information is required, such as surface area reduction and changes in pore size distribution.
Limitations of the Model
The presented version of the model is based on intersplat pores of uniform size. In practice, a distribution of pore size would be more appropriate. This would also account for intrasplat microcracks, with large surface to volume ratio, which can sinter quickly and may be the major contributors to surface area reduction. Other effects, such as grain growth, lattice diffusion, through-thickness thermal gradients and stresses due to constraint on sintering and thermal expansion mismatch with the substrate, should all be introduced into a fully comprehensive model. This is currently under study. 
Summary and Conclusions
A sintering model for PS TBCs has been developed, based on the variational principle. Input data, covering geometry and material properties, are obtained from experimental studies and include no arbitrarily-adjustable parameters. The model captures several well-established experimental trends and in general gives good agreement with experimental data and observations.
The sensitivity of predictions to initial pore geometry has been studied. Pores with larger initial surface area, but the same overall volume, lead to greater through-thickness shrinkage. Thus the initial porosity level does not dictate, or even strongly influence, the sintering behaviour. Moreover, pores with the same initial surface area, but different architecture (y b to r b ratio) lead to differences in the rate of surface area reduction. Architectures with fine inter-splat spacings (y b ) sinter faster and exhibit more rapid pore surface area reduction. However, the use of a single value for these dimensions is simplistic and a distribution of inter-splat spacing should ideally be incorporated into the model. The sensitivity of model predictions to material properties has also been studied. An increase in gb diffusivity generates an approximately proportional increase in the rate of throughthickness shrinkage. Enhanced surface diffusivity, on the other hand, promotes pore spherodization and surface area reduction, consuming the driving force for gb diffusion and hence cutting down the rate of through-thickness shrinkage. The model can also be used to predict the evolution of the inter-splat contact area, which can in turn be related to the through-thickness thermal conductivity, via a previously developed analytical model [2] . The increase in the contact bridge area is predicted to accelerate with increasing surface diffusivity. Faster surface diffusion is thus expected to raise the rate of thermal conductivity increase, while reducing the rate of through-thickness shrinkage. Of course, studying such effects experimentally presents challenges, since independently altering surface and gb diffusivities is not a simple matter, but these predictions do have implications for controlling the sintering characteristics and may be of practical significance.
